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NOTE

Beware of Maxwell’s Divergence Equations

Using the constitutive relations D 5 «E, B 5 eH, the Then, Muller [3] proved that to satisfy the divergence equa-
tion (3)(b) a solution of the Helmholtz equation (3)(a)Maxwell equations
must fulfill the asymptotic condition

(5)r(E(r r0)) 5 o(1), r ⇒ y.
= ` E 1 t(eH) 5 0 (a), = · eH 5 0 (b)

= ` H 2 t(«E) 5 j (c), = · «E 5 r (d)
(1)

The notation o(1) means that ur E(r r0)u behaves as a con-
stant for r ⇒ y.become a system of eight equations for only six unknown.

To prove the existence of such a solution for the MaxwellAn algebraic system of equations in this case would be
equations (2), Muller considered on the unit sphere V aoverdetermined. And in fact, it is generally inferred that
vector field F(r0) which has only tangential componentsthe divergence equations are redundant [4] since (1)(b) is
r0 · F(r0) 5 0 and such as each of its cartesian componentsa consequence of (1)(a) provided that = · eH 5 0 at some
satisfies on V the relationtime t0 and since (1)(d) is a consequence of (1)(c) taking

into account the condition of continuity = · j 1 tr 5 0.
(6)limrcy(1/kr log e

V
uF(r r0)u2 dg) 5 R # y.For harmonic fields let us quote Jones [2], ‘‘Therefore,

for harmonic fields, which are nonstatic, it is sufficient to
Then, there exists for uru $ R a solution E(r r0) of (3)(a)employ (2.9) and (2.10) [our Eqs. (1)(a), (c), with  re-
such thatplaced by ig] plus the harmonic form of the equation

of continuity.’’
(7)E(r r0) 5 eikr/r F(r0) 1 o(1/r)Recently, in a very important work, Jiang et al. [1] proved

that the divergence equations are not redundant and that
so that the condition (5) is fulfilled and this solution satisfiesneglecting these equations is at the origin of spurious solu-
the divergence equation (3)(b).tions in computational electromagnetics. In this note we

From Maxwell’s equations we getgive (without proof) a simple but mathematically de-
manding result obtained by Muller [3] many years ago and

(8)H(r) 5 2i/ge = ` E(r)illustrating the role of the divergence equations.
We start with the harmonic Maxwell equations, g, «, e,

and using (7), a simple calculation shows thatreal positive

(9)H(r r0) 5 k/geeikr/r(r0 ` E(r r0) 1 o(1/r))
= ` H 1 ig«E 5 0, = · H 5 0

= ` E 2 igeH 5 0, = · E 5 0
(2)

so that H(r) is a solution of the equations DH 1 k2H 5 0,
= · H 5 0. In addition these solutions satisfy the radia-
tion conditionssupplying the partial differential equation for E, D the

laplacian operator, k2 5 g2«e,
g«(r0 ` E) 2 kH 5 o(1/r), E 5 o(1/r)

ge(r0 ` H) 1 kE 5 o(1/r), H 5 o(1/r).
(10)

(3)DE 1 k2E 5 0 (a), = · E 5 0 (b).

This result for the system of equations (2), the simplest
We use the notations (the vector r0 is a function only of that one can imagine in electromagnetism, shows that one
the direction) has to work with the divergence equations. As noticed in

[5] although the components of E and H are solutions of
the wave equation, ‘‘choosing the components to satisfy(4)r 5 r r0 , r0

2 5 1, r $ 0.
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3. C. Muller, Foundations of the Mathematical Theory of Electromagnetics= · E 5 0, = · H 5 0 couples the components, as do the
Waves (Springer-Verlag, New York, 1969).boundary and initial conditions so the solution to problems

4. J. A. Stratton, Electromagnetic Theory (McGraw–Hill, New York,is again more than just the solution of the scalar wave
1941).

equation.’’
5. G. B. Whitham, Linear and Nonlinear Waves (Wiley, New York, 1976).

A thorough discussion on the role of the divergence
equations in computational electromagnetics is given in [1]. Received July 5, 1996
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